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LUSZTIG CONJECTURES ON S-CELLS IN AFFINE WEYL GROUPS
MICHAEL FINKELBERG, DAVID KAZHDAN, AND YAKOV VARSHAVSKY
Abstract. We apply the dimension theory developed in [BKV] to establish some of Lusztig’s
conjectures [Lu].
Introduction
0.1. S-cells. For a connected complex reductive group G, its Weyl group Wfin is partitioned into
S-cells:1 Wfin =
⊔
O∈UWO parameterized by the set U of nilpotent G-orbits in g = LieG as follows
(see [Lu, 0.1]). Given w ∈ Wfin, we take Borel subalgebras b, b′ ⊂ g in relative position w and
consider the intersection nb ∩ nb′ of their nilpotent radicals. There is a unique nilpotent orbit O
such that the intersection O ∩ nb ∩ nb′ is open in nb ∩ nb′ . By definition, w ∈ WO. Equivalently,
WO is the image of a map $ : Spr(n) × Spr(n) → Wfin defined as follows: n ∈ O is an arbitrary
element; Spr(n) is the set of the irreducible components of the Springer fiber over x (the space
of Borel subalgebras containing n), and $(X,X ′) is the relative position of general points of the
irreducible components X,X ′.
The equivalence of two definitions above follows from the strict semi-smallness of the Springer
resolution µ : T ∗B = U˜ → U , where B is the flag variety of G, and U ⊂ g is the nilpotent cone.
Indeed, the strict semi-smallness of µ implies that the Steinberg variety of triples StG := U˜ ×U U˜ is
equidimensional of dimension 2 dimB. On the other hand, its irreducible components are nothing
but the conormal bundles T ∗Ow(B × B) to orbits of G acting diagonally on B × B (such orbits are
pairs of Borel subalgebras in relative position w ∈Wfin).
0.2. Affine S-cells. In case G is almost simple simply connected, Lusztig [Lu] suggested two
definitions of a partition of the affine Weyl group W =
⊔
w∈Wfin/AdWw into affine S-cells parame-
terized by the conjugacy classes of Wfin, and conjectured the equivalence of the two definitions.
The goal of this work is to prove a weak form of Lusztig’s conjecture replacing the arguments
of 0.1 by an affine analog. In the affine case the role of the nilpotent cone U is played in the
affine case by the space of topologically nilpotent elements N ⊂ Lg = g((t)) in the loop Lie
algebra of g while the role of the partition U = ⊔O∈UO is played by the Goresky-Kottwitz-
MacPherson stratification [GKM] of N . The affine Springer morphism N˜ → N is semi-small, but
not strictly semi-small; the relevant strata [BM, 1.1] are parameterized by Wfin/Ad [BKV, 8.4.12]
(in particular, [Lu, Conjecture 3.3] follows). This implies a weak form of Lusztig’s conjecture [Lu,
2.3]: the equivalence of the two definitions not for arbitrary elements of the relevant GKM strata,
but only for the general elements. As a consequence, we show Lusztig’s conjecture [Lu, 2.4]
asserting that for any w ∈Wfin/Ad, the corresponding S-cell Ww ⊂W is non-empty, and that Ww
is finite if and only if w is elliptic.
Date: June 2, 2020.
1S stands for Steinberg, Spaltenstein and Springer.
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In the next six subsections we provide definitions and more precise formulations of the results.
0.3. The affine Steinberg variety. (a) Let G be a connected reductive group over an alge-
braically closed field k, Wfin be Weyl group of G, and R be the set of roots of G. We assume that
the characteristic of k does not divide the order of Wfin.
(b) Let LG be the loop group of G, I ⊂ LG be an Iwahori subgroup scheme, and F` = LG/I
be the affine flag variety. We denote by g the Lie algebra of G, by Lg the corresponding loop
algebra, and by I+ ⊂ Lg the Lie algebra of the prounipotent radical I+ of I. More generally, for
every [g] ∈ F`, we set I+g := Adg(I+).
(c) Let N ⊂ Lg be the locus of topologically nilpotent elements of Lg. More precisely, N is the
preimage N := Lχ−1(L+(c)), where c is the Chevalley space of g, L+(c) ⊂ Lc are the arc and the
loop spaces of c, and Lχ : Lg→ Lc is the morphism, induced by the canonical morphism χ : g→ c.
(d) Let N˜ be affine Springer resolution of N , which is a closed ind-subscheme of N × F`
consisting of points (γ, [g]) such that γ ∈ I+g .
(e) The affine Steinberg variety is the fibered product St := N˜×N N˜ . It is a closed ind-subscheme
of N ×F`×F` consisting of points (γ, [g′], [g′′]) such that γ ∈ I+g′,g′′ := I+g′ ∩ I+g′′ .
(f) Recall that there is a natural bijection between the set of LG-orbits on F`×F` and elements
of the extended affine Weyl group W of G. For every x ∈W we denote the corresponding LG-orbit
LG(1, x) by (F`×F`)x, and denote by Stx ⊂ St the preimage of (F`×F`)x in St.
0.4. The Goresky-Kotwitz-MacPherson stratification. (a) Recall (see [GKM] or [BKV])
that the regular semisimple part of L+(c) has a natural stratification by finitely presented locally
closed subschemes cw,r, parameterized by Wfin-orbits of pairs (w, r), where w is an element of the
Weyl group Wfin, and r is a function R→ Q≥0. Moreover, every cw,r ⊂ L+(c) is irreducible.
(b) Recall that we have a projection Lχ : N → L+(c). In particular, the GKM stratification of
L+(c) induces stratifications of the regular semisimple part of N and hence also of I+ and St.
(c) Note that a stratum Nw,r (resp. I+w,r) is non-empty if and only if r > 0, that is, r(α) > 0
for every α ∈ R.
(d) For every w ∈ Wfin we denote by tw the twisted form of t over O (see [GKM, BKV]). The
GKM stratification cw,r of L+(c) induces a stratification tw,r of L+(tw). Let tnw ⊂ L+(tw) be the
set of topologically nilpotent elements. Then tw,r ⊂ tnw if and only if r > 0.
0.5. Minimal strata. From now on we will only consider strata (w, r) with r > 0 (see 0.4(c))
and call them GKM strata. We will call a GKM stratum (w, r) minimal, if the stratum tw,r ⊂ tnw
is open.
Following Lusztig, we are now going to relate the two stratifications of St defined above.
0.6. Main construction. Recall that St is a closed ind-subscheme of the product N ×(F`×F`).
(a) For every pair (g′, g′′) ∈ F` × F`, the regular semisimple part of the fiber Stg′,g′′ ⊂ N is
equipped with a GKM-stratification {Stg′,g′′w,r }w,r. Conversely, for every γ ∈ N , the fiber Steinberg
Stγ ⊂ F`×F` is equipped with a stratification {Stxγ}x.
(b) Since Stg
′,g′′ = I+g′,g′′ is irreducible, while every GKM stratum Stg
′,g′′
w,r ⊂ Stg
′,g′′ is a finitely
presented locally closed subscheme, there exists a unique GKM stratum pi(g′, g′) = (w, r) such
that Stg
′,g′′
w,r ⊂ Stg
′,g′′ is open. Moreover, since the GKM stratification is LG-equivariant, pi(g′, g′)
only depends on the LG-orbit of (g′, g′′). Therefore for every x ∈W there exists a unique stratum
pi(x) = (w, r) such that pi(g′, g′′) = (w, r) for every (g′, g′′) ∈ (F`×F`)x.
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(c) For every x ∈ W with pi(x) = (w, r), we denote by pi(x) := [w] ∈ Wfin/Ad the conjugacy
class of w.
(d) Assume from now on that γ ∈ N is regular semisimple. Then the affine Springer fiber
F`γ is an ind-scheme, whose reduced ind-scheme (F`γ)red is a finite-dimensional equidimensional
scheme locally of finite type (see [KL]). Hence the same is true for Stγ = F`γ × F`γ . Moreover,
by the formula of Bezrukavnikov-Kazhdan-Lusztig [B], for every GKM stratum (w, r) there exists
δw,r ∈ Z≥0 such that dimF`γ = δw,r for every γ ∈ Nw,r.
(e) Following Lusztig, we define a subset σ(γ) ⊂ W to be the set of all x ∈ W such that the
locally closed ind-subscheme Stxγ ⊂ Stγ is of full dimension dim Stγ = 2δw,r. Alternatively, x ∈ σ(γ)
if and only if there exist irreducible components C ′, C ′′ of (F`γ)red such that (C ′×C ′′)x ⊂ C ′×C ′′
is an open subscheme.
0.7. Lusztig’s conjectures. Lusztig conjectured that the two maps defined above are closely
connected. More precisely, Lusztig [Lu, Conjectures 3.3 and 2.3] conjectured that
(a) For every x ∈W , the GKM stratum (w, r) = pi(x) is minimal.
(b) For every minimal GKM stratum (w, r) and γ ∈ Nw,r, we have an equality σ(γ) = pi−1(w, r).
In other words, for every minimal stratum (w, r), every x ∈W and γ ∈ Nw,r, we have pi(x) = (w, r)
if and only if dim Stxγ = 2δw,r.
Lusztig [Lu, 2.4] also remarked that assertions (a) and (b) imply that
(c) For every w ∈Wfin, the preimage pi−1([w]) is non-empty.
(d) Assume that G is semisimple. Then pi−1([w]) is finite if and only if w is elliptic.
0.8. What is done in this work? Our goal is to prove Conjecture 0.7(a) and to show that Con-
jecture 0.7(b) holds for “generic” elements. More precisely, we show the existence of an LG-
invariant open dense sub-indscheme xNw,r ⊂ Nw,r (depending on x) such that for every γ ∈ xNw,r,
we have pi(x) = (w, r) if and only if dim Stxγ = 2δw,r. As a consequence, we deduce Conjec-
tures 0.7(c),(d). Finally, we show that the full Conjecture 0.7(b) follows from certain flatness
assumption.
0.9. Our strategy. (a) To every morphism f : X → Y of schemes of finite type over k we associate
a dimension function dimf : X → Z defined by dimf (z) := dimzX − dimf(z) Y for z ∈ X.
(b) We show that the dimension function satisfies the property that for every z ∈ X we have
an inequality dimf (z) ≤ dimz f−1(f(z)) and that there exists an open dense subset U ⊂ Y such
that dimf (z) = dimz f
−1(f(z)) for every z ∈ f−1(U).
(c) Our main observation is that the dimension function of (a) can be defined for (locally)
finitely presented morphisms between certain infinite-dimensional schemes, and that property (b)
still holds in this case. Namely, it can be done when Y is placid, that is, locally has a presentation
as a limit Y ' limi Yi, where each Yi is of finite type, and all transition maps are smooth affine.
(d) Fix x ∈ W and a GKM stratum (w, r). We would like to apply the construction (c) to the
projection p : Stxw,r → Nw,r. Unfortunately, we can not do it directly, because both source and
target of p are ind-schemes, rather than schemes. To overcome this, we observe that the projection
p is LG-equivariant, and the composition tw,r ↪→ Nw,r → [LG\Nw,r] is surjective. Therefore we
replace p by its pullback pt : St
x
t,w,r → tw,r to tw,r ⊂ Nw,r.
It turned out that the reduced ind-scheme (Stxt,w,r)red is actually a scheme, locally finitely
presented over tw,r, so the construction of (c) applies. Furthermore, there is a discrete group Λ
′
acting freely and discretely on Stxt,w,r over tw,r such that the quotient [Λ
′\(Stxt,w,r)red] is finitely
presented over tw,r. Thus an analog of (b) applies to pt as well.
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(e) Our main technical result asserts that dimension function dimpt equals 2δw,r+a
+
w,r−b(x)+w,r,
where a+w,r is a non-negative integer such that a
+
w,r = 0 if and only if the GKM stratum (w, r) is
minimal, and b(x)+w,r is a non-negative function such that b(x)
+
w,r = 0 if and only if pi(x) = (w, r).
(f) Both 0.7(a) and a weak form 0.7(b) easily follow from the combination of (e) and (b).
Namely, when pi(x) = (w, r), these assertions imply that for a generic γ ∈ tw,r, we have inequality
dim Stxγ ≥ 2δw,r + a+w,r, which implies that a+w,r = 0, thus (w, r) is minimal. Conversely, if (w, r) is
minimal, then for a generic γ ∈ tw,r, we have an equality dimγ˜ Stxγ = 2δw,r − b(x)+w,r(γ˜) for every
γ˜ ∈ Stxγ , which implies that dim Stxγ = 2δw,r if and only if pi(x) = (w, r).
0.10. Plan of the paper. The paper is organized as follows. In the first two sections we
introduce our main ingredients, namely placid stacks and dimension functions, mostly repeating the
corresponding parts from [BKV]. Then, in the next two sections we prove Lusztig conjecture 0.7(a)
and a weak form of 0.7(b), and deduce conjectures 0.7(c),(d) from them. Finally, in last section
we deduce the full Lusztig conjecture 0.7(b) from a certain flatness assumption.
0.11. Acknowledgments. This paper is based on the work [BKV] of two of us, joint with Alexis
Bouthier. The research of Y.V. was partially supported by the ISF grant 822/17. The project
have received funding from ERC under grant agreement No 669655. M.F. was partially funded
within the framework of the HSE University Basic Research Program and the Russian Academic
Excellence Project ‘5-100’.
Similar results were independently obtained by Zhiwei Yun (private communication). We are
grateful to him for an interesting discussion. In the particular case of g = sln, and the topologically
nilpotent element of type th, where h ∈ g is a regular semisimple element, [Lu, Conjecture 2.3] is
checked in the thesis of G. Yue [Y]. We are grateful to R. Bezrukavnikov who informed us about
this work.
1. Placid stacks
In this section and the next section we will review the material that appears in [BKV]. To make
the exposition simpler, many of our notions are more restrictive than those of [BKV] and notation
slightly differs.
1.1. Globally placid schemes. (a) We say that a scheme X over k is globally placid, if it has a
presentation X ' limi∈NXi, where each Xi is a scheme of finite type over k, and every Xi+1 → Xi
is smooth affine surjective. Such a presentation will be called placid.
(b) Let f : Y → X be a finitely presented morphism of schemes such that X is globally placid.
Then for every placid presentation X ' limiXi, there exists i and a morphism fi : Yi → Xi of
schemes of finite type over k such that f is a pullback of fi. In particular, Y ' limj≥i(Yi ×Xi Xj)
is a globally placid scheme as well.
(c) We call a morphism of schemes f : X → Y globally pro-smooth, if X has a presentation
X ' limiXi over Y , where X0 → Y is smooth and finitely presented, while all projections
Xi+1 → Xi are smooth, finitely presented and affine.
(d) The class of (c) is closed under compositions and pullbacks (see [BKV, 1.3.1(e) and Lemma
1.3.3]). It follows that if f : X → Y globally pro-smooth, and Y is globally placid, then X is
globally placid as well.
(e) Notice that a globally placid scheme X is irreducible if and only if has a placid presentation
X ' limiXi such that Xi is irreducible for all i.
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1.2. Remark. The surjectivity assumption in 1.1(a) is not necessary. Actually, the only reason
why we impose this condition is to guarantee that Lemma 5.3(b) holds true, thus simplifying the
proof of Proposition 5.2.
1.3. Placid schemes and algebraic spaces. (a) We call a scheme/an algebraic space X placid,
if it has an e´tale covering by globally placid schemes. Using 1.1(b), one deduces that if f : X → Y
is a locally finitely presented morphism of algebraic spaces and Y is placid, then X is placid.
(b) We call a morphism f : X → Y of algebraic spaces pro-smooth, if locally in the e´tale topology
it is a globally pro-smooth morphism of schemes. Explicitly this means that there exist e´tale
coverings {Yα}α of Y and {Xα,β}β of f−1(Yα) = X ×Y Yα by globally placid schemes such then
every Xα,β → Yα is globally pro-smooth. Using 1.1(d) one sees that if f : X → Y is pro-smooth
and Y is placid, then X is placid as well.
(c) By 1.1(d), the class of (b) is closed under compositions and base changes.
1.4. Remark. For the purpose of this work, we could avoid talking about algebraic spaces, and
restrict ourselves to schemes instead (compare 4.3). Furthermore, all placid schemes appearing in
this work have Zariski open coverings by globally placid schemes.
1.5. Placid stacks. (a) By a stack over k, we mean a stack in the e´tale topology. Using observa-
tion 1.3(c), we we can talk about pro-smooth representable morphisms between stacks.
(b) A stack X over k is called placid, if there exists a pro-smooth representable surjective
morphism X → X from a placid algebraic space X. Such a map is called a placid atlas.
(c) A representable morphism of stacks f : X → Y is called (locally) finitely presented, if for
every morphism Y → Y from an algebraic space Y , the pullback X ×Y Y → Y is a (locally) finitely
presented morphism of algebraic spaces.
(d) Assume that in the situation of (c) the stack Y is placid. Then X is placid as well. Indeed,
if Y → Y is a placid atlas, then X ×Y Y → X is a placid atlas by 1.3(c).
1.6. Example. Let G be a pro-smooth algebraic group acting on a placid algebraic space X.
Then the quotient stack X = [G\X] is a placid stack, and the projection X → X is a placid atlas.
1.7. Underlying set. (a) Recall that to every stack X over k, one associates the underlying set
X , whose points are equivalent classes of pairs (K, z) ∈ X (K), where K is a field extension of
k, z ∈ X (K) and (z1,K1) ∼ (z2,K2), if there exists a larger field K ⊃ K1,K2 such that points
z1|K , z2|K ∈ X (K) are isomorphic.
(b) Note that when X is an algebraic space, then X is the underlying set of X. More generally,
if X = [G\X] as in 1.6, the X is the set of orbits G\X.
(c) To simplify the notation, we will denote the set X simply by X .
2. Dimension theory
2.1. Dimension function: finite type case. (a) For every morphism f : X → Y and a function
φ : Y → Z, we associate the function f∗(φ) = φ|X := φ ◦ f : X → Z.
(b) As in [BKV, 3.1.1], to every scheme X of finite type over k one associates a dimension
function dimX : X → Z, defined by dimX(z) = dimz(X) for every z ∈ X.
(c) Then, as in [BKV, 3.1.2], to every morphism f : X → Y between schemes of finite type over
k, we associate the dimension function
dimf = dim(X/Y ) := dimX − f∗(dimY ) : X → Z.
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In other words, we define dimf (z) := dimz(X)− dimf(z)(Y ) for every z ∈ X.
(d) The dimension function is additive, that is, for every diagram X
f→ Y g→ Z we have an
equality dimgf = dimf + f
∗(dimg), or, equivalently, dimgf = dimf + (dimg|X).
(e) The dimension function dimf is functorial with respect to universally open morphisms. In
other words, for every Cartesian diagram
(2.1)
X ′
f ′−−−−→ Y ′
h
y gy
X
f−−−−→ Y,
where g and h are open, we have an equality dimf ′ = h
∗(dimf ), that is, dimf ′(z
′) = dimf (h(z
′))
for every z′ ∈ X ′ (see [BKV, Corollary 3.1.7]).
Actually, we will only use this assertion in the case when g is either smooth or a universal
homeomorphism, and in both cases the assertion is very easy.
Next we are going to extend these notions to placid schemes and stacks.
2.2. Dimension function: globally placid schemes.
(a) To every finitely presented morphism f : X → Y of globally placid schemes we associate
a dimension function dimf = dim(X/Y ) : X → Z by the following procedure: for every placid
presentation Y ' limi Yi, we choose fi : Xi → Yi as in 1.1(b), let pii : X → Xi be the projection,
and set dimf := pi
∗
i (dimfi). Then using 2.1(e) one can show that this notion is independent of the
presentation and fi.
(b) Using 2.1(d), the dimension function from (a) is additive.
(c) Using 1.1(e) and (b), we see if f : X → Y is a finitely presented morphism of placid schemes,
and g : Y ′ → Y is ether pro-smooth or finitely presented universal homeomorphism, then the
pullback f ′ : X ′ → Y ′ is an finitely presented morphism of placid schemes and the assertion
of 2.1(e) still holds true (see [BKV, Corollary 3.3.3]).
The following lemma allows to define dimension function for placid algebraic spaces and stacks.
Lemma 2.3. (a) For every locally finitely presented morphism f : X → Y of placid algebraic
spaces, there exists a unique function dimf : X → Z such that for every commutative diagram
(2.2)
X ′
f ′−−−−→ Y ′
h
y gy
X
f−−−−→ Y,
where f ′ : X ′ → Y ′ is finitely presented morphism of globally placid schemes, and g and h are
e´tale, we have an equality h∗(dimf ) = dimf ′ , that is, dimf (h(z
′)) = dimf ′(z
′) for every z′ ∈ X ′.
(b) The dimension function dimf of (a) is compatible under pullbacks with respect to pro-smooth
morphisms and finitely presented universal homeomorphisms.
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(c) For every representable locally finitely presented morphism f : X → Y of placid stacks, there
exists a unique function dimf : X → Z such that for every Cartesian diagram
X
f ′−−−−→ Y
h
y gy
X f−−−−→ Y,
where g (and h) is a placid atlas, we have an equality h∗(dimf ) = dimf ′ .
(d) The dimension function dimf of (c) is compatible under pullbacks with respect to repre-
sentable pro-smooth morphisms and finitely presented universal homeomorphisms.
Proof. (a) Since a placid algebraic space has an e´tale covering by globally placid schemes, the
uniqueness of dimf follows from the formula
(2.3) dimf (z) = dimf ′(z
′), if h(z′) = z.
To show the existence, we have to show that the expression dimf ′(z
′) is independent of the choice
of the commutative diagram (2.2) and z′ ∈ h−1(z). But this follows from the fact if X f→ Y g→ Z
is a diagram of finitely presented morphisms of placid schemes such that f is e´tale, then
dimgf = dimf + f
∗dimg = f
∗dimg.
(b) By definitions, both assertions reduce to the case of globally placid schemes, in which case
the assertion was mentioned in 2.2(c).
(c) Arguing as in (a), the assertion follows from (b).
(d) By definition, the assertion reduces to the case of placid algebraic spaces. Thus the assertion
follows from (b). 
2.4. Example. In the situation of 1.6, let f : Y → X be a G-equivariant finitely presented
morphism of algebraic spaces. Then f induces a finitely presented morphism [f ] : [G\Y ]→ [G\X]
between quotient stacks, and by construction (see Lemma 2.3(c)), the function dimf : Y → Z is
the pullback of codim[f ] : G\Y → Z.
2.5. Notation. (a) We say that a finitely presented representable f is of constant dimension,
if the dimension function dimf is constant. In this case, we often write dimf = dim(X/Y ) for
dimf = dim(X/Y ).
(b) For a finitely presented locally closed embedding ι : Y ↪→ X, we define codimX(Y ) := −dimι.
Again, we write codimX(Y ) for codimX(Y ), when ι is of constant dimension.
Lemma 2.6. Let f : X → Y be a finitely presented morphism between placid algebraic spaces.
(a) For every z ∈ X, we have an inequality dimf (z) ≤ dimz(f−1(f(z)).
(b) If f is open, then the inequality of (a) is an equality for all z ∈ X.
(c) Set dim ∅ = −∞. Then there exists an open dense subspace U ⊂ Y such that the function
y 7→ dim f−1(y) is locally constant on U , and for every z ∈ f−1(U), the inequality of (a) is an
equality.
(d) Assume in addition that X is non-empty, Y is irreducible, and the inequality of (a) is an
equality for all z ∈ X. Then for each y ∈ U the fiber f−1(y) is non-empty.
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Proof. Assume first that X and Y are schemes of finite type over k. In this case the assertions (a)
and (b) are well-known (see, for example, [EGA, 14.2.1] or [Stacks, 0B2L]).
Next, (c) is easy. Namely, shrinking Y , one can assume that every connected component of Y is
irreducible, thus reduce to the case, when Y is irreducible. Next, it is enough to show the assertion
for the restriction fα : Xα → Y of f to each irreducible component of X, thus we can assume that
X is irreducible as well. In this case, the assertion is standard.
Finally, to show (d) we let Y ′ ⊂ Y be the closure of f(X). Then, by our assumption and (a),
for every z ∈ X we have
dimz(X)− dimf(z)(Y ′) ≤ dimz(f−1(f(z)) = dimz(X)− dimf(z)(Y ),
thus dimf(z)(Y
′) = dimf(z)(Y ). Since X is non-empty and Y is irreducible, this implies that f is
dominant, which implies the assertion.
Assume now that X and Y are placid schemes. Then f is a pullback of a certain morphism
f ′ : Y ′ → X ′ of schemes of finite type over k, and the assertion for f follows from the corresponding
assertion for f ′. Namely, if U ′ ⊂ X ′ satisfies the condition of the lemma for f ′, then its preimage
U ⊂ X satisfies the condition for f .
The general case easily follows from the globally placid one. Indeed, choose an e´tale covering
{Yα}α of Y by globally placid schemes Yα. Then the assertion for f follows from the corresponding
assertion for X ×Y Yα → Yα. Thus we can assume that Y is a globally placid scheme. Finally,
choose an e´tale covering X ′ → X by a globally placid scheme. Then the assertion for f follows
from the corresponding assertion for X ′ → X f→ Y . 
3. Proof of Conjecture 0.7(a)
We fix x ∈W and a GKM stratum (w, r).
3.1. Notation. (a) Set Y := N˜ ×N I+. Then Y is an closed ind-subscheme of I+ ×F`.
(b) Using embedding W ↪→ F`, we can view x and a point of F`, and set F`x := Ix ⊂ F`. We
denote by Yx ⊂ Y the preimage of F`x := Ix ⊂ F`, and Yxw,r ⊂ Y the preimage of I+w,r ⊂ I+.
3.2. Notation. (a) Set I(x) := I ∩ xIx−1 ⊂ LG and I(x)+ := I+ ∩ Adx(I+) ⊂ Lg. Note that
I(x)+ was denoted by I+1,x in 0.3(e).
(b) Note that I(x)+ is a globally placid scheme, and I(x)+w,r ⊂ I(x) is finitely presented locally
closed subscheme, so we can consider the codimension function
b(x)+w,r := codimI(x)+(I(x)+w,r) : I(x)+w,r → Z.
(c) Note that I(x) is a pro-smooth algebraic group. Since I(x)+ and I(x)+w,r are Ad I(x)-
equivariant, we can form quotient stacks [I(x)\I(x)+w,r] and [I(x)\I(x)+] (see 1.6). Moreover,
by 2.4, the codimension function b(x)+w,r comes from the function codim[I(x)\I(x)+]([I\I(x)+w,r]),
which we also denote by b(x)+w,r.
3.3. Remark. If x ∈ W is the unit element, then I(x)+ = I+. In this case, by [BKV, 7.3.4(a)
and Corollary 7.4.5], the function b(x)+w,r := codimI+(I+w,r) is the constant function with value
codimL+(c)(cw,r) = codimL+(c)(cw,r) − r, that was denoted by b+w,r in [BKV, 7.3.4(d)]. Here
r = dim c is the rank of G.
Lemma 3.4. (a) We have b(x)+w,r = 0, if (w, r) = pi(x), and b(x)
+
w,r > 0, otherwise.
(b) We have natural isomorphisms [I\Yx] ' [I(x)\I(x)+] and [I\Yxw,r] ' [I(x)\I(x)+w,r].
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(c) The projection Yx → I+ is affine finitely presented, and dim(Yx/I+) = 0.
Proof. (a) By definition, (w, r) = pi(x) is the unique GKM stratum such that I(x)+w,r ⊂ I(x)+ is
open dense. This implies the assertion.
(b) By definition, Yx is an I-invariant closed subscheme of N ×F`x consisting of points (γ, g)
such that γ ∈ I+g ∩I+, where I acts by the formula h(γ, g) = (Adh(γ), hg). Since I acts transitively
in F`x and I(x) ⊂ I is the stabilizer of x ∈ F`, the isomorphism [I\Yx] ' [I(x)\I(x)+] follows.
The second isomorphism follows from the first by taking preimages of cw,r ⊂ L+(c).
(c) Taking quotient by I, it suffices to show that the projection [I\Yx]→ [I\I+] is affine finitely
presented of constant dimension zero (compare 2.4). Using (b), this projection can be identified
with the composition [I(x)\I(x)+]→ [I(x)\I+]→ [I\I+].
Since I(x)+ ⊂ I+ is finitely presented of codimension l(w), while the quotient I/I(x) is non-
canonically isomorphic to Al(w), the assertion follows. 
3.5. Notation. (a) Following [BKV, 7.3.1], we set dr :=
∑
α∈R r(α), cw := dim t − dim tw, and
δw,r :=
1
2 (dr − cw).
(b) Note that tw,r ⊂ tnw is of constant codimension (see [BKV, Lemma 3.3.6]), which we denote
by a+w,r as in [BKV, 7.3.4(d)].
(c) Using Lemma 3.4(b), we have a natural projection Yxw,r → [I\Yxw,r] ' [I(x)\I(x)+w,r]. There-
fore we can talk about the codimension function b(x)+w,r|Yxw,r .
3.6. Remark. Since tnw is irreducible, it has a unique open dense stratum tw,r, while all other
strata are of positive codimension. Therefore a stratum (w, r) is minimal if and only if a+w,r = 0.
Lemma 3.7. We have an equality
dim(Yxw,r/I+w,r) = δw,r + a+w,r − (b(x)+w,r|Yxw,r).
Proof. By the additivity of dimension function, we have
dim(Yxw,r/I+) = dim(Yxw,r/I+w,r)− codimI+(I+w,r)|Yxw,r
and
dim(Yxw,r/I+) = (dim(Yx/I+)|Yxw,r)− codimYx(Yxw,r).
Thus
dim(Yxw,r/I+w,r) = codimI+(I+w,r)|Yxw,r + (dim(Yx/I+)|Yxw,r)− codimYx(Yxw,r).
Note that it follows from [BKV, Corollary 7.3.5 and Corollary 7.4.5] that the closed subscheme
I+w,r ⊂ I+ is of constant codimension codimI+(I+w,r) = δw,r + a+w,r.
Since dim(Yx/I+) = 0 by Lemma 3.4(a), it suffices to show the equality
codimYx(Yxw,r) = b(x)+w,r|Yxw,r ,
which follows from the observation 2.4. 
Now we are ready to show the first part of Lusztig conjecture.
Theorem 3.8. For every x ∈W , the stratum pi(x) = (w, r) is minimal.
Proof. By the formula of Bezrukavnikov–Kazhdan–Lusztig [B], all fibers of the projection Yw,r →
I+w,r are of dimension δw,r. Therefore all fibers of Yxw,r → I+w,r are of dimension at most δw,r,
hence by Lemma 2.6(a) we have dim(Yxw,r/I+w,r) ≤ δw,r. We now conclude from Lemma 3.7 that
a+w,r ≤ b(x)+w,r.
10 MICHAEL FINKELBERG, DAVID KAZHDAN, AND YAKOV VARSHAVSKY
Next, since pi(x) = (w, r), we conclude by Lemma 3.4(b) that b(x)+w,r = 0. Thus a
+
w,r = 0, hence
the stratum (w, r) is minimal by Remark 3.6. 
4. Proof of Conjecture 0.7(b) for generic elements
We fix x ∈W and a GKM stratum (w, r).
4.1. Notation. (a) Recall that projections Stx
pr1−→ N˜ → N are LG-equivariant, hence they
induce the morphisms of quotient stacks [LG\ Stx]→ [LG\N˜ ]→ [LG\N ].
(b) Recall (see [BKV, 8.1.5]) that w ∈ Wfin gives rise to an maximal torus Tw ⊂ Gk((t)), hence
to an ind-subgroup scheme L(Tw) ⊂ LG, both defined uniquely up to conjugacy. Moreover, we
have a natural L(Tw)-equivariant embedding tw,r ↪→ N , defined uniquely up to conjugacy, where
L(Tw) acts trivially on tw,r.
(c) Let Ww,r ⊂ Wfin be the stabilizer of (w, r). Then Ww,r acts freely on tw,r and induces an
isomorphism [Ww,r\tw,r] ' cw,r (see [BKV, 7.2.8(c)]). Furthermore, the stabilizer of the subset
tw,r ⊂ N in LG naturally identifies with the semidirect product Ww,r n L(Tw), hence the natural
morphism tw,r → [LG\N ] factors through the quotient [(Ww,r n L(Tw))\tw,r].
(d) We set N˜t,w,r := N˜ ×N tw,r, and Stxt,w,r := Stx×N tw,r. Since maps of (a) are LG-equivariant,
the induced maps Stxt,w,r → N˜t,w,r → tw,r are equivariant with respect to Ww,r n L(Tw).
(e) Using natural embeddings Λw := X∗(Tw) ⊂ L(Tw), we get Λw-actions on N˜t,w,r and Stxt,w,r
over tw,r. Therefore we have natural projections [Λw\Stxt,w,r]→ [Λw\N˜t,w,r]→ tw,r.
4.2. Properties. (a) By definition, both N˜t,w,r and Stxt,w,r are ind-schemes. Moreover, according
to [BKV, Corollary 8.3.4(a)], the reduced ind-scheme (N˜t,w,r)red is actually a scheme, locally finitely
presented over tw,r, while the quotient [Λw\(N˜t,w,r)red] is an algebraic space, finitely presented over
tw,r. Using 1.3(a), we therefore conclude that (N˜t,w,r)red is a placid scheme, while [Λw\(N˜t,w,r)red]
is a placid algebraic space.
(b) Notice that the fiber over 1 ∈ F` of the projection Stx pr1→ N˜ → F` is simply the projection
Yx → I+. Therefore the projection pr1 : [LG\ Stx] → [LG\N˜ ] is naturally isomorphic to the
projection [I\Yx]→ [I\I+]. In particular, it is affine and finitely presented (use Lemma 3.4(c)).
(c) By (b), the projection Stxt,w,r → N˜t,w,r, and hence its pullback
(Stxt,w,r)red/N := St
x
t,w,r×N˜t,w,r(N˜t,w,r)red → (N˜t,w,r)red
is affine and finite presented.
(d) Using (a),(c) and 1.3(a), we conclude that (Stxt,w,r)red/N is a placid scheme, affine and finitely
presented over (N˜t,w,r)red. Therefore its reduction
(Stxt,w,r)red = ((St
x
t,w,r)red/N )red
is a placid scheme, finitely presented over (Stxt,w,r)red/N , and hence over (N˜t,w,r)red. In par-
ticular, (Stxt,w,r)red is locally finitely presented over tw,r, and the quotient [Λw\(Stxt,w,r)red] '
[Λw\ Stxt,w,r]red is an algebraic space finitely presented over tw,r.
4.3. Remarks. (a) By [BKV, Corollary 8.3.4(b) and Proposition 9.1.2(c)], there exists a subgroup
of finite index Λ′w ⊂ Λw such that the quotient [Λ′w\N˜t,w,r] is an ind-scheme, and its reduction
[Λ′w\N˜t,w,r]red ∼= [Λ′w\(N˜t,w,r)red] is a scheme, finitely presented over tw,r.
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(b) Moreover, using (a) and 4.2(c), one deduces that the quotient [Λ′w\ Stxt,w,r] is an ind-scheme,
and [Λ′w\Stxt,w,r]red ∼= [Λ′w\(Stxt,w,r)red] is a scheme, finitely presented over tw,r. In particular, for
the purpose of this work we could restrict ourselves to schemes instead of algebraic spaces.
4.4. Notation. (a) Combining observations of 4.2(b) and Lemma 3.4(b), we have a natural
isomorphism [LG\ Stxw,r] ' [I\Yxw,r] ' [I(x)\I(x)+w,r].
(b) By (a), we have a natural projection Stxt,w,r → Stxw,r → [LG\Stxw,r] ' [I(x)\I(x)+w,r].
Therefore we can consider dimension function b(x)+w,r|Stxt,w,r .
(c) For every γ˜ ∈ Stxw,r, we denote its image in [I(x)\I(x)+w,r] by [γ˜].
The following assertion will be the main step in the proof of Lusztig’s conjecture.
Proposition 4.5. We have an equality
dim((Stxt,w,r)red/tw,r) = 2δw,r + a
+
w,r − (b(x)+w,r|Stxt,w,r).
Before giving the proof of Proposition 4.5, we are going to explain how Lusztig’s conjecture for
generic elements follows from it.
Corollary 4.6. (a) There exists an open dense subscheme xtw,r ⊂ tw,r such that the function
γ 7→ dim Stxγ is constant on xtw,r, and for every γ ∈ xtw,r and γ˜ ∈ Stxγ we have an equality
dimγ˜ St
x
γ = 2δw,r + a
+
w,r − b(x)+w,r([γ˜]).
(b) If (w, r) is minimal, and pi(x) = (w, r), then for every γ ∈ xtw,r, the fiber Stxγ is non-empty
and equidimensional of dimension 2δw,r.
Proof. (a) Recall that the projection f : [Λw\Stxt,w,r]red → tw,r is finitely presented by 4.2(d), and
let xtw,r ⊂ tw,r be the largest open dense subset satisfying the condition of Lemma 2.6(c) for f .
For every γ˜ ∈ Stxγ , let γ˜′ be its projection to [Λw\ Stxt,w,r].
Then we have a sequence of equalities
dimγ˜ St
x
γ = dimγ˜′ f
−1(γ) = dimf (γ˜
′) = dim(Stxt,w,r /tw,r)(γ˜) = 2δw,r + a
+
w,r − b(x)+w,r([γ˜]),
where
• the first equality follows from the identification [Λw\ Stxγ ]red ∼= f−1(γ);
• the second one follows from the assumption on xtw,r;
• the third equality is clear;
• the last one follows by Proposition 4.5.
(b) If pi(x) = (w, r) is minimal, then a+w,r = 0 (see Remark 3.6) and b(x)
+
w,r = 0 (see Lemma
3.4(a)). In this case, assertion (a) implies that for every γ ∈ xtw,r, the fiber Stxγ is either equidi-
mensional of dimension 2δw,r or empty. Thus it remains to show that each St
x
γ is non-empty.
Equivalently, in the notation of the proof of (a) it remains to show that for each γ ∈ xtw,r, the
fiber f−1(γ) = [Λw\ Stxγ ] is non-empty.
Since tw,r is irreducible, it remains to show that dimγ˜′ f
−1(γ) ≤ dimf (γ˜′) for every γ ∈ tw,r and
γ˜′ ∈ f−1(γ) (by Lemma 2.6(a,d)). Arguing as in (a), it suffices to show that
dimγ˜ St
x
γ ≤ dim((Stxt,w,r)red/tw,r)(γ˜).
But this follows from the fact that the RHS equals 2δw,r by Proposition 4.5, and the LHS is at
most dim Stγ = 2δw,r. 
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4.7. Notation. (a) Let xtw,r ⊂ tw,r be the largest open subscheme satisfying the property
of Corollary 4.6(a). Since the map Lχ : tw,r → cw,r is finite e´tale, the image xcw,r := Lχ(xtw,r) is
an open dense subscheme of cw,r.
(b) We set xNw,r := Lχ−1(xcw,r) ⊂ Nw,r.
Corollary 4.8. (a) For every γ ∈ xNw,r and γ˜ ∈ Stxγ we have an equality
dimγ˜ St
x
γ = 2δw,r + a
+
w,r − b(x)+w,r([γ˜]).
(b) If (w, r) is minimal, and pi(x) = (w, r), then the fiber Stxγ is non-empty and equidimensional
of dimension 2δw,r.
Proof. By construction, for every γ ∈ xNw,r there exists γ′ ∈ xtw,r such that Lχ(γ′) = Lχ(γ).
Thus there exists g ∈ LG such that Adg(γ) = γ′. Then g induces isomorphism g : Stxγ ∼→ Stxγ′ , thus
dimγ˜ St
x
γ = dimg(γ˜) St
x
γ′ . Since [g(γ˜)] = [γ˜], and the corresponding assertion for St
x
γ′ was shown
in Corollary 4.6, the assertion for Stxγ follows. 
As a particular case, we deduce Lusztig conjecture 0.7(b) for generic elements.
Theorem 4.9. Assume that the GKM stratum (w, r) is minimal. Then for every γ ∈ xNw,r, the
fiber Stxγ satisfies
• dim Stxγ = 2δw,r, if pi(x) = (w, r).
• dim Stxγ < 2δw,r, if pi(x) 6= (w, r).
Proof. Since (w, r) is minimal, we have a+w,r = 0 (see Remark 3.6). If pi(x) 6= (w, r), we have
b(x)+w,r > 0 (see Lemma 3.4(a)). Then Corollary 4.8(a) implies that we have dimγ˜ St
x
γ < 2δw,r
for every γ˜ ∈ Stxγ , thus dim Stxγ < 2δw,r. The assertion for pi(x) = (w, r) follows from Corollary
4.8(b). 
For completeness, we now deduce Lusztig conjecture 0.7(b),(c) from Theorem 4.9.
Corollary 4.10. (a) For every w ∈Wfin, the preimage pi−1([w]) is non-empty.
(b) Moreover, if G is semisimple, then pi−1([w]) if finite if and only if w is elliptic.
Proof. Take r such that (w, r) is a minimal GKM stratum, and choose a geometric point γ ∈ Nw,r
whose image Lχ(γ) ∈ cw,r is supported on a generic point.
Then it follows from Theorems 3.8 and 4.9 and equidimensionality of Stγ that the affine S-
cell pi−1([w]) consists of all x ∈ W such that Stxγ contains a generic point (of some irreducible
component) of Stγ . From this both assertions follow.
(a) Let γ˜ ∈ Stγ be a generic point of Stγ . Then γ˜ ∈ Stxγ for some x ∈ W , which by the
observation above implies that x ∈ pi−1([w]).
(b) Let now G is semisimple, and assume that w is elliptic. Then the affine Springer fiber F`γ ,
and hence also the affine Steinberg fiber Stγ = F`γ ×F`γ has finitely many generic points, which
implies that pi−1([w]) is finite.
Assume now that w is not elliptic, thus Λw 6= 0. Choose a generic point γ˜ = (γ, g1, g2) ∈ Stγ of
Stγ . Then for every λ ∈ Λw, the translate γ˜λ := (1, λ)(γ˜) = (γ, g1, λg2) is a generic point of Stγ as
well, and γ˜λ ∈ Stxλγ , where xλ be the class [g−11 λg2] ∈ I\LG/I = W . Thus the assertion follows
from the observation that the set {xλ}λ∈Λw ⊂W is infinite. 
It remains to prove Proposition 4.5.
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4.11. Proof of Proposition 4.5. By additivity of dimension, it suffices to show that
(4.1) dim((N˜t,w,r)red/tw,r) = δw,r,
and
(4.2) dim((Stxt,w,r)red/(N˜t,w,r)red) = δw,r + a+w,r − (b(x)+w,r|Stxt,w,r).
Applying Lemma 2.6(b) to the projection f : [Λw\N˜t,w,r]red → tw,r, to show (4.1) it suffices to
show that f is open, and all the fibers of f are equidimensional of dimension δw,r. While the first
assertion was proved in [BKV, Corollary 8.3.4(c)], the second one follows from the fact for every
γ ∈ tw,r we have f−1(γ) ' [F`γ/Λw]red, and from formula [B] for the dimension of affine Springer
fibers.
To show (4.2), consider the Cartesian diagram
(4.3)
(Stxt,w,r)red/N˜ −−−−→ Stxt,w,r −−−−→ [LG\ Stxw,r]
∼−−−−→ [I(x)\I(x)+w,r]y y y pxy
(N˜t,w,r)red −−−−→ N˜t,w,r −−−−→ [LG\N˜w,r] ∼−−−−→ [I\I+w,r].
Using Lemma 3.4(b) and Lemma 3.7, we conclude that
dimpx = δw,r + a
+
w,r − b(x)+w,r.
Recall that (Stxt,w,r)red → (Stxt,w,r)red/N is a finitely presented universal homeomorphism. There-
fore, by Lemma 2.3(d), it suffices to show that the horizontal morphism (N˜t,w,r)red → [I\I+w,r]
from (4.3) decomposes as a composition of a pro-smooth morphism and a finitely presented uni-
versal homeomorphism.
However, this map factors as a composition
(N˜t,w,r)red → [Ww,r n L(Tw)red\(N˜t,w,r)red]→ [I\I+w,r]
of a pro-smooth projection and a finitely presented affine universal homeomorphism between placid
stacks (see [BKV, Corollary 8.3.4(e)]). This completes the proof. 
5. Flatness conjecture
Conjecture 5.1. For x ∈ W and a GKM stratum (w, r), we have either I(x)+w,r = ∅, or the
projection I(x)+w,r → cw,r is faithfully flat.
The following result shows that Conjecture 5.1 implies the general form of Lusztig conjec-
ture 0.7(b).
Proposition 5.2. Assume that Conjecture 5.1 holds for a triple (x,w, r).
(a) Then for every γ ∈ Nw,r and γ˜ ∈ Stxγ , we have:
dimγ˜ St
x
γ = 2δw,r + a
+
w,r − b(x)+w,r([γ˜]).
(b) Assume that (w, r) is minimal. Then for every γ ∈ Nw,r, we have
dim Stxγ = 2δw,r, if pi(x) = (w, r); and dim St
x
γ < 2δw,r, if pi(x) 6= (w, r).
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Proof. (a) If I(x)+w,r is empty, we get [LG\ Stxw,r] ' [I(x)\I(x)+w,r] = ∅ (see 4.4(a)), hence Stxt,w,r
is empty. Assume from now on that I(x)+w,r → cw,r is faithfully flat.
Using Lemma 2.6(b), and arguing as in Corollary 4.6(a) and Corollary 4.8(a), it suffices to show
that the projection [Λw\ Stxt,w,r]red → tw,r or, equivalently, projection p : (Stxt,w,r)red → tw,r is open
and surjective.
To prove the assertion, we basically repeat the argument of [BKV, Proposition 8.3.1]. Since
this proof uses a lot of terminology, which we did not discuss in this work, we provide a direct
argument instead.
Recall (see 4.1(d)) that projection p is Ww,r-equivariant, and [Ww,r\tw,r] ' cw,r, so it suffices
to show that the composition p : (Stxt,w,r)red
p→ tw,r → cw,r is universally open and surjective.
Consider commutative diagram
X (2)−−−−→ (Stt,w,r)red p−−−−→ cw,r
(4)
y (3)y ∥∥∥
I(x)+w,r
(1)−−−−→ [I(x)\I(x)+w,r] −−−−→ cw,r,
where the left square is Cartesian, and (3) is induced from the top horizontal arrow of (4.3).
As in the proof of Proposition 4.5, morphism (4) decomposes as a composition
X → [(Ww,r n L(Tw)red)\X ]→ I(x)+w,r
of a pro-smooth schematic morphism and a finitely presented affine universal homeomorphism
(use [BKV, Corollary 8.3.4(e)]). Therefore (4) is universally open (use Lemma 5.3(a) below) and
surjective. In particular, X is a scheme, and the surjectivity of p follows from that of I(x)+w,r → cw,r,
so it remains to show that p is universally open.
Choose placid presentations cw,r ' limiXi and I(x)+w,r ' limj Yj .
By Lemma 5.3(b) below, it suffices to show that the composition (Stc,w,r)red
p→ cw,r → Xi is
universally open for every i. Since the map (1), and hence also (2) is surjective, it suffices to
show that each composition X → cw,r → Xi is universally open. Moreover, since the map (4) is
universally open, it suffice to show that the composition p′ : I(x)+w,r → cw,r → Xi is universally
open.
By assumption, p′ is a composition of two flat morphisms. Hence, it follows from [BKV, Lemma
2.1.3] that there exists an index j such that p′ factors as I(x)+w,r → Yj → Xi, and the projection
Yj → Xi is flat, thus universally open. Since projection I(x)+w,r → Yj is universally open as well
(by Lemma 5.3(a)), the assertion follows.
(b) As in Theorem 4.9, the assertion follows from (a). 
Lemma 5.3. (a) Let f : X → Y be a globally pro-smooth morphism of schemes with a presentation
X ' limiXi such that all transition maps are surjective. Then f is universally open.
(b) Let f : X → Y be a locally finitely presented morphism of schemes, where Y is globally
placid with a placid presentation Y ' limj Yj. Then f is universally open if each composition
X
f→ Y → Yj is universally open.
Proof. (a) Follows from the fact that every smooth map Xi → X is universally open, every
projection pi : X → Xi is surjective, and that preimages {pi−1i (Ui)}i,Ui , where Ui ⊂ Xi is open,
form a basis of open neighborhoods of X.
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(b) Choose an open covering Xα of X, where each Xα is finitely presented over Y . Then f
is universally open if and only if each restriction f |Xα is such. Therefore we can assume that f
is schematic finitely presented. In this case, f is a pullback of a certain morphism fj : Xj → Yj
(see 1.1(b)). Since the composition X → Xj → Yj is universally open by assumption, and X → Xj
is surjective (because Y → Yj is such), we deduce that fj is universally open, thus its pullback f
is universally open. 
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